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Abstract The results of an application of Wannier-type
atomic orbitals for calculations of local properties of elec-
tronic structure for periodic systems (atomic charges and
covalencies, bond orders and total valencies), published ear-
lier by the authors, are summarized. The numerical results are
given for bulk crystals with the perovskite structure ATiO3,
A=Sr,Ba,Pb and LaMnO3 (the Bloch functions are calculated
in LCAO basis), for bulk MgO crystal (the Bloch functions
are calculated both in LCAO and PW basis) and for the two
periodic slab models of surfaces (001) of MgO and (110) of
rutile TiO2.

PACS: 61.50.Ah, 71.15.Ap, 71.20.Ps, 77.84.Dy

Keywords Wannier functions · Chemical bonding ·
Electronic structure · Population analysis · Perovskites ·
Rutile · MgO · Slab

1 Introduction

Chemical bonding in crystals (as well as in molecules) is
commonly analysed in terms of the local properties of the
electronic structure, such as: the electronic population of
atoms, atomic charges, bond orders, covalences and valences
of atoms [1,2]. Since they are essential ingredients of a number
of theories and models, their estimation is of great impor-
tance and may be indirectly compared with experimental
data. Therefore, a correct definition and a method to calculate
these quantities are vital.

The local properties of electronic structure are obtained
from a one-electron density matrix, written on a localized
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basis of randomly chosen atomic-like functions. When the
electronic structure of a crystal is calculated in the approx-
imation of linear combinations of atomic orbitals (LCAO),
traditionally, the same atomic orbitals are also used to define
the local properties [1]. However since such a basis usually
consists of non-orthogonal atomic functions, there exist two
possible schemes of population analysis – according to Mul-
liken and to Lowdin (the latter implies a preliminary symmet-
rical orthogonalization of the basis functions). However, this
approach is not always reliable, since the results of the popu-
lation analyses are often strongly dependent on an inclusion
of diffuse orbitals into the basis (useful for the band structure
calculations) and on the scheme chosen for the population
analysis.

When the plane wave (PW) basis is used in the calcula-
tions of crystalline electronic structures, the above approach
cannot be used due to the delocalized nature of plane waves.
For this case, a special procedure of population analyses was
suggested [3]. Within this procedure, the atomic-like func-
tions are generated using the pseudopotentials chosen for the
band structure calculations. Such functions are neither ortho-
normal nor complete in the sense of spanning the space of
the occupied states. To measure how completely the localized
atomic orbitals represent the eigenstates, a so-called spilling
parameter is introduced, which varies between 1 and 0. If
the spilling parameter is nonzero, a special projection pro-
cedure is needed to correctly define the density operator for
the incomplete basis of atomic-like functions [3]. Since thus
constructed localized basis is not orthogonal, as in the case of
LCAO calculations, both Mulliken and Lowdin schemes may
be used. However, in the case of PW calculations the pop-
ulation analysis, performed according the above described
scheme, often gives results, which do not provide a reason-
able chemical interpretation even for uncomplicated periodic
systems [3].

Recently, [4] localized quasiatomic minimal basis or-
bitals (QUAMBO) for Si andAl in diamond and fcc structures
have been constructed. The electron states of these crystals
were calculated in PW basis and atomic functions in a crystal
were found by minimization of their mean square deviation
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from the corresponding free-atom orbitals. This approach
seems to be mostly appropriate for the essentially covalent
systems.

Recently we suggested an approach based on Wannier
functions (WFs) use [5]. This approach seems to be much less
basis-set-dependent than the conventional ones. The popula-
tion analysis in this case is done using the density matrix given
in the minimal valence basis of Wannier-type atomic orbitals
(WTAOs) – Wannier functions centered on atoms and having
the behavior of atomic valence states in the cores of atoms
[5,6]. WTAOs are analogous to atomic functions in form and
by symmetry but, in contrast to the initial LCAO basis, they
are directly connected with the electronic band structure and
the Bloch states involved. WTAOs are constructed from the
occupied and some vacant states. The latter are chosen so that
they assure the maximal localization for the corresponding
WTAOs.

In this paper, we summarize results published earlier [5–9]
of WTAO application for the calculations of local properties
of the electronic structure of periodic systems. In Sect. 2,
the variational method of WTAOs generation and their use
for population analysis are shortly described. In Sect. 3, the
WTAO application for three periodic systems is considered
both when LCAO and PW basis were used for Bloch function
calculations. In Sect. 4, WTAOs are applied for two periodic
slab models of a crystal surface.

2 Wannier-type atomic orbitals generation and use for
population analysis

The one-electron Wannier functions Wm (r − an) (r is an
electron coordinate, an is a translation vector and the index
m numbers the functions belonging to the same primitive
unit cell) are defined as a Fourier transform over the quasi-
Bloch functions ψmk (r) (k is a wave vector from the first
Brillouin zone (BZ)), which are connected with the canoni-
cal Bloch orbitals ϕτk (r) (the index τ labels energy bands)
via the transformations U (k):

Wm (r − an) = L−1/2
∑

k

e−ikan
∑

τ

Uτ,m (k) ϕτk (r)

= L−1/2
∑

k

e−ikanψmk (r) , (1)

ϕτk (r) = L−1/2
∑

m

U †
m,τ (k)

∑

n

e−ikanWm (r − an)

= L−1/2
∑

m

U †
m,τ (k) ψmk (r) . (2)

The expressions (1) and (2) correspond to the cyclic model
of a crystal consisting of L unit cells. In the model of an infi-
nite crystal, the k-summations in Eq. (1) are substituted by
integrations over BZ.

Wannier-type atomic orbitals are defined as the Wannier
functions, which are constructed from a set of specially cho-
sen occupied and vacant bands and have a definite symmetry

(they are centered on atoms and transform via irreducible
representations (irreps) of the corresponding site groups).
Thus, the index m may be substituted by several indices –
i, j , a, β, µ – which reflect the symmetry properties of the
WTAOs – W(β,µ)

ija (r − an): the index a marks the symmetri-
cally non-equivalent atoms, the index j runs through the set
of symmetrically equivalent atoms of the type a; the Wyck-
off positions of these atoms qa are characterized by their
site groups, whose irreps are labelled by the index β, the in-
dex i numbers the basis orts of the irrep β and the index µ
discriminates between the independent sets of the functions
transforming according to the same irrep β. The requirement
for WTAOs to have fixed symmetry properties implies addi-
tional restrictions on the matrices U (k). These restrictions
can be completely taken into account by using, instead of
canonical Bloch orbitals, their linear combinations, symme-
trized according to the desired irreps of the site symmetry
groups of atoms [5].

Wannier-type atomic orbitals were generated by the vari-
ational method [6], which allows obtaining both orthogonal
W

(β,µ)

ija (r − an) and non-orthogonal V (β,µ)ija (r − an) sets of
symmetry-adapted WTAOs. In this method, the functional

Iβa =
∫
ωβa

∣∣∣V (β,1)11a (r)
∣∣∣
2
dr , (3)

with the weight function

ωβa = (
πr2

βa

)−3/2
exp

(
− (r − qa)2

2r2
βa

)
(4)

is maximized (r2
βa is a parameter, for which we used a value

of 1Å). The orthogonal WTAOsW(β,µ)

ija (r − an) are obtained

from the non-orthogonal ones V (β,µ)ija (r − an) via Lowdin’s
procedure:

W = V
(
S(V )

)−1/2
, (5)

where S(V ) is the overlap matrix of non-orthogonal WFs
V
(β,µ)

ija (r − an), and W and V are row vectors constituted
by the sets of the orthogonal and non-orthogonal WFs, cor-
respondingly. The orthogonalization procedure can be per-
formed either in the indirect or reciprocal space. The latter is
computationally faster.

Before constructing the minimal basis of WTAOs, one
should choose the energy bands, whose states are to be used
in the process of the WTAOs, generation. For each of the
WTAOs, a band or a group of bands is chosen according to
the following criteria: the band states should be compatible
with the corresponding WTAOs by symmetry (in the context
of the induced representations (indreps) theory [10]) and pro-
vide the maximal localization for them. Hereafter, we mark
such bands by the type of WTAOs corresponding to them
(e.g. s-band of the oxygen atom: the s-WTAOs centered on
oxygen and constructed from the states of this band appear to
be the most localized comparing to the ones constructed from
any other states). After the desired bands for all the WTAOs
are chosen, the final WTAOs are constructed using the states
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from this group of bands. When the WTAOs (orthogonal or
non-orthogonal) are found, the density matrix is calculated
in the localized basis of these functions. The local properties
are expressed via matrix elements of this matrix.

WTAOs’ analog of Mulliken population analysis is made
using non-orthogonal WTAOs: let us now consider WTAOs
Vνa (r − an) (υ-th WTAO of atom a in the n-th cell) as linear
combinations of Bloch functions:

Vνa (r − an)

=
∑

τk

bτk,ianϕτk (r), or V = ϕb, ϕ = Vb−1 , (6)

where Bloch functions ϕτk (r) are given in LCAO or PW
basis. The density matrix in the corresponding basis ρ(V ) can
be written in the following way:

ρ(V ) = 2b̄−1b̄ , (7)

where b̄ is the truncated matrix b with rows corresponding
only to the occupied states.

For the orthogonalized WTAOs:

Wνa (r − an)

=
∑

τk

dτk,ianϕτk (r), or W = ϕd, ϕ = Vd† , (8)

the density matrix ρ(V ) is given by

ρ(V ) = 2d̄†d̄ . (9)

The electronic population Nan of an atom a in the n-th
primitive cell and an order of the bond Ba0,a′n between an
atom a of the reference cell and an atom a’ in the n-th cell
can be obtained from the density matrix:

Nan = Na0 =
∑

ν

ρa0,a0
νν , (10)

Ba0,a′n =
∑

µν

ρa0,a′n
µν ρa

′n,a0
νµ . (11)

Using these quantities, one can obtain the atomic charge Qa

of an atom a, and the covalence Ca and total valence Va [1]
of this atom:

Qan = Qa0 = Za −Na0 , (12)

where Za is the nuclear charge of the atom a in all-electron
calculations or charge of the core in the case of pseudopo-
tential approximation,

Can = Ca0 =
∑

a′ �=a
Ba0,a′0 +

∑

n �=0

∑

a′
Ba0,a′n , (13)

Va0 = 1

2

(
Ca0 +

√
C2
a0 + 4Q2

a0

)
. (14)

3 Use of WTAO for three periodic systems: chemical
bonding in bulk crystals

3.1 LCAO approximation in Bloch function calculation

To demonstrate the efficiency of WTAO use for chemical
bonding analysis, we consider at first the cubic crystals with
the perovskite structure [7].

In the LCAO approximation, we used ab initio Hartree–
Fock (HF) and density functional theory (DFT) methods
to calculate the electronic structure of bulk SrTiO3 (STO),
BaTiO3(BTO), PbTiO3(PTO) and LaMnO3 (LMO) crystals.
The CRYSTAL computer code [11] was used to calculate
the band structure and the Bloch functions. The Hay-Wadt
pseudopotentials [12] were adopted: small-core for Ti, Sr,
Ba, La and Mn atoms, large-core for Pb atoms. The oxy-
gen atoms were included with the all-electron basis set. The
optimized Gaussian-type atomic basis was taken from [13],
where the same pseudopotentials were used. The basis opti-
mization made it possible to obtain the lattice constant, bulk
modulus and elastic constants of the considered crystals be-
ing in good agreement with the experimental data. For the
exchange-correlation functional, we used the hybrid HF-DFT
form (B3PW), as it reproduces, for optimized basis sets, opti-
cal band gaps close to the experimental values [13].

The Monkhorst-Pack [14] mesh of 4 × 4 × 4 = 64 k-
points, used in our calculations, corresponds to a cyclic model
with 64 primitive unit cells in the direct lattice [10]. An in-
crease in this number in the band structure calculations up to
8 × 8 × 8 = 512 does not lead to any significant changes in
the values of the one-electron energies.

The cubic structure of perovskite-like ABO3 compounds
is characterized by the primitive cubic lattice with the O1

h

(Pm3m) space group. The A-atoms and B-atoms occupy the
Wyckoff positions a (0,0,0) and b (0.5,0.5,0.5), correspond-
ingly, with the site groupOh. The oxygen atoms occupy c
(0.5,0.5,0) positions, site groupD4h. The minimal atomic-like
basis for the crystals under consideration consists of s- and
p-type functions of the oxygen atoms, s- and d-type func-
tions of the Ti atoms and s- and p-type functions of Sr, Ba
and Pb in STO, BTO, PTO or s- and d-type functions of La
and Mn in LMO. So, these are the types of WTAOs to be used
in the population analysis for the compounds under consid-
eration. Table 1 lists the symmetries of these functions. The
notations for the induced representations of space group O1

h

are taken from ref. [10].
Once the types of WTAOs are determined, one should

find the energy bands states corresponding to these WTAOs.
Firstly, the bands to be chosen should be symmetry compat-
ible with the corresponding WTAOs (see ref. [6] for details).
Secondly, the WTAOs constructed from the Bloch states of
the chosen bands should be principally the most localized

Table 1 The symmetry properties of theWTAOs of the minimal valence
basis for STO, BTO, PTO and LMO crystals

Atom Function’s type Symmetry

Sr, Ba, Pb s (a, a1g)
p (a, t1u)

La s (a, a1g)
d (a, t2g) + (a, eg)

Ti, Mn s (b, a1g)
d (b, t2g) + (b, eg)

O s (c, a1g)
p (c, a2u) + (c, eu)



22 R. A. Evarestov et al.

Table 2 Atomic charges in cubic SrTiO3

Method of electronic structure calculation Population analysis scheme Atomic charges, |e|
Sr Ti O

HF Nonorthogonal WTAO 2.00 3.20 −1.73
Orthogonal WTAO 2.00 3.13 −1.71
Mulliken 1.92 2.76 −1.56

DFT Nonorthogonal WTAO 2.00 2.68 −1.56
Orthogonal WTAO 2.00 2.63 −1.54
Mulliken 1.87 2.35 −1.40

Table 3 Atomic charges in cubic BaTiO3

Method of electronic structure calculation Population analysis scheme Atomic charges, |e|
Ba Ti O

HF Nonorthogonal WTAO 2.00 3.19 −1.73
Orthogonal WTAO 2.00 3.16 −1.72
Mulliken 1.86 2.82 −1.56

DFT Nonorthogonal WTAO 2.00 2.65 −1.55
Orthogonal WTAO 2.01 2.60 −1.54
Mulliken 1.80 2.37 −1.39

Table 4 Atomic charges in cubic PbTiO3

Method of electronic structure calculation Population analysis scheme Atomic charges, |e|
Pb Ti O

HF Nonorthogonal WTAO 1.99 3.27 −1.75
Orthogonal WTAO 1.89 3.14 −1.68
Mulliken 1.59 2.79 −1.46

DFT Nonorthogonal WTAO 1.99 2.72 −1.57
Orthogonal WTAO 1.93 2.64 −1.52
Mulliken 1.34 2.34 −1.23

WTAOs of the corresponding type. Our analysis of the elec-
tronic structure of STO and BTO has shown (excluding the
semicore states from consideration) that the oxygen s- and
p-bands and the Sr (Ba) atomp-bands form 15 upper valence
bands states. The Ti atom d-states form the five lowest con-
duction bands, while the Sr (Ba) and Ti atoms s-states are
located among vacant conduction band states very high in
energy. In the case of PTO, the difference in the location of
the bands is that the Pb atom s-band is one of the valence
bands and the Pb atom p-bands are vacant and lie high in the
conduction band. This agrees with the results of DFT local
density approximation (LDA) calculations [15].

Unlike STO, BTO and PTO, the electronic structure of
cubic LMO is metallic both in HF and DFT calculations (a
nonzero band gap in LMO appears only if an orthorhombic
structure with four formula units in the primitive cell is con-
sidered). The s- and p-bands of the oxygen atoms are occu-
pied. Like in STO and BTO, the s-bands of the metal atoms
are located at high energies. However, the d-bands of both
metal atoms are located in the region of the Fermi energy.
These bands are partly occupied and partly vacant, which
is caused by the metallic nature of the calculated electronic
structure.

The WTAOs that are used in the population analysis are
built from the space of all the chosen bands taken together.

The density matrix is then calculated using the coefficients
connecting the orthogonal or non-orthogonal WTAOs and the
occupied Bloch states [5].

In Tables 2–4, the atomic charges for STO, BTO, PTO,
correspondingly, calculated by the WTAOs technique, and
using the traditional Mulliken population analysis scheme
are compared. The Mulliken atomic charges coincide with
those given in [13]. The results of the WTAO population
analysis in these three crystals show the following.

1. The results of the population analysis performed on orthog-
onal and non-orthogonal WTAOs are close.

2. The fully ionic charge (+2 |e|) for the Sr, Ba or Pb atoms
remains practically the same for both methods of the elec-
tronic structure calculation – Hartree–Fock and DFT. The
only exception is the orthogonal WTAOs analysis in PTO,
but even in this case the charge is very close to +2. The
reason for such a high ionicity is related to the high-
energy location of the s-bands of the Sr and Ba atoms
and the p-bands of Pb atom, which leads to a negligible
contribution of the corresponding WTAOs to the cova-
lence of these atoms. The switch from the HF calcula-
tions to DFT practically does not affect the location of
high-lying vacant bands of the Sr, Ba and Pb atoms and,
therefore, no covalence for these atoms appears. On the
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Fig. 1 Three layer slab model of (001) surface of MgO crystal

contrary, the traditional Mulliken analysis displays some
covalence for these atoms, which increases in the case of
DFT calculations. This is especially noticeable in a PTO
crystal.

3. The Ti and O atom charges differ from the purely ionic
ones (indicating a partial covalence of theTi and O atoms).
For these atoms, the covalence is higher in DFT calcula-
tions than in HF ones. This correlates with the decrease
in the band gaps in DFT calculations compared to the HF
ones (in DFT calculations the d-bands of the Ti atom shift
down and become closer to the valence oxygen bands).
As a result, mixing of the vacant states of the Ti atom
d-bands with the oxygen WTAOs increases, generating
the larger values of the covalence for these atoms.

4. The results of the WTAO analysis demonstrate a mixed
(ionic-covalent) character of chemical bonding in ABO3
crystals. However, the ionicity, calculated by the WTAOs
method, appears to be larger than that obtained in the
traditional Mulliken population analysis.

5. The values of atomic charges in all the three considered
perovskite type crystals are close.

The values of some other local characteristics of the elec-
tronic structure of STO, BTO and PTO – bond orders,
covalences and valences of atoms – are listed in Tables 5–
7, respectively. The values in these tables correspond to the
non-orthogonal WTAOs analysis. The results of Tables 5–7
allow concluding the following.

Table 5 Ti–O bond orders, covalence and valence of atoms in SrTiO3

Method of electronic structure calculation Order of Ti–O bond Covalence Total valence

Sr Ti O Sr Ti O

HF 0.24 0.00 1.47 0.51 2.00 4.01 2.01
DFT 0.36 0.00 2.28 0.82 2.00 4.06 2.02

Table 6 Ti–O bond orders, covalence and valence of atoms in BaTiO3

Method of electronic structure calculation Order of Ti–O bond Covalence Total valence

Ba Ti O Ba Ti O

HF 0.24 0.00 1.46 0.51 2.00 4.01 2.01
DFT 0.37 0.01 2.33 0.83 2.01 4.06 2.02

1. The numerical values of the local characteristics of the
electronic structure of the cubic STO, BTO and PTO are
very close.

2. The covalence in these crystals appears only in the near-
est-neighbor Ti–O bonds (all the other bonds manifest
almost no covalence both in HF and DFT calculations).
Each Ti atom has six bonds of this type, and each oxygen
atom two bonds. In DFT calculations, the value of the
bond order is larger than in HF ones.

3. Both in the DFT and HF calculations, the values of the
total calculated valence of the metal atoms practically
coincide with the values of the oxidation state used by
chemists for these compounds.

The population analysis is not entirely correct for metallic
crystals, because they are characterized by a special metal-
lic type of bonding. But since the non-conducting state in
LMO arises within already small distortions from the cu-
bic structure, a formal population analysis performed on the
cubic structure can show some tendencies in the local prop-
erties. Their values for the cubic LMO obtained with the
help of the orthogonal WTAOs in HF calculations are given
in Table 8. Analysing these values, one can conclude the
following.

1. Some of the results are principally different from the ones
of STO, BTO and PTO. These are a non-zero covalence
of the A (La) atom, a non-zero La–O bond order, the cal-
culated valence of the B (Mn) atom is different from the
expected one. Probable reasons for these results are con-
nected with the metallic nature of the considered crystal
in cubic structure and with the difference of the LMO
crystal from STO, BTO or PTO.

2. On the other hand, the value of the La atomic charge
is relatively close to the fully ionic one (+3 |e|). Be-
sides, the calculated valences of the La and oxygen atoms
are similar to the ones obtained in STO, BTO and PTO
crystals. This indicates the similarity between these crys-
tals and LMO, manifested in spite of the metallic nature
of the latter.
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Table 7 Ti–O bond orders, covalence and valence of atoms in PbTiO3

Method of electronic structure calculation Order of Ti–O bond Covalence Total valence

Pb Ti O Pb Ti O

HF 0.22 0.02 1.35 0.47 2.00 4.01 2.01
DFT 0.35 0.04 2.23 0.80 2.02 4.06 2.02

Table 8 Local properties of electronic structure of cubic LaMnO3

Atomic charges Bond orders Covalence Total valence
La Mn O La–O Mn–O La Mn O La Mn O

2.48 2.09 −1.53 0.08 0.16 1.00 2.48 0.80 3.04 3.68 1.98

3. The largest value of a bond order in LMO corresponds to
the nearest-neighbor Mn–O bond. This correlates with the
interatomic charge distribution in STO, BTO and PTO.
The difference is in the value of the bond order – in LMO
this bond order is smaller – while the covalence (which is,
actually, the sum of all the bond orders) of the Mn atoms
practically coincides with the one of the Ti atoms in the
other three considered crystals. This is, apparently, a con-
sequence of the metallic nature of LMO, which leads to
smearing of the nearest-neighbor Mn-O bond charge over
the other bonds.

Finally, we note that the local properties of STO, BTO and
PTO not that close to each other might be obtained if non-
cubic low-temperature phases are studied. It is especially
important to consider the orthorhombic phase of LMO since
in this phase LMO is no longer metallic.

3.2 Plane-wave basis in Bloch functions calculations

Wannier-type atomic orbitals population analysis can be made
also using the Bloch functions found in the calculations with
plane wave basis (the majority of modern computer codes for
periodic systems calculations use this basis and DFT Ham-
iltonian). We compared [9] the results of chemical bonding
analysis for crystal MgO, performed via the conventional
and WF schemes of population analysis. The MgO crystal is
a good testing system for studying the accuracy of such meth-
ods, since on the one hand, the nature of chemical bonding in
it is well known to be ionic, and on the other hand, some of
the methods give contradictory results of chemical bonding
analysis in this crystal (see below and Refs. [3,4]).

The electronic structure of the MgO crystal was calcu-
lated both on the basis of atomic orbitals (LCAO approxi-
mation) using the CRYSTAL code [11] and on the PW basis
using the CASTEP code [16]. In both cases, the calculations
were done by the DFT method in the local density approxima-
tion (LDA). The Monkhorst–Pack [14] 4×4×4 set of special
points of the Brillouin zone (BZ), which allows obtaining a
convergence (relating to extended special points sets) in the
calculations of electronic structure, was used in both cases.
For the LCAO calculations, Durand–Barthelat pseudopoten-
tial [17] with 2–1 (sp) basis atomic orbitals for the Mg atoms
and 3–1 (sp), for the oxygen atoms [18] was adopted. In the

case of PW calculations, we used norm-conserving pseudo-
potential and a PW kinetic energy cutoff of 300 eV.

For construction of the WTAOs, we used the variational
method and delta-functions as the weight functions (4) in the
variational functional (3). In this case, the variational proce-
dure is equivalent to projecting the delta functions onto the
space of the states of chosen energy bands and demands a
very low computational effort.

In both types of calculations, the s-and p-bands of oxy-
gen atoms form the four valence bands. The s-band of the Mg
in the case of LCAO basis is the highest possible (twelfth)
conduction band. For the PW calculations, we examined the
lower 32 conduction bands. This analysis showed that the
s-band of the Mg atom in PW calculations is also located
among high-energy conduction bands. If one considers more
than 32 conduction bands, the location of the s-band of the
Mg atom can only increase, which would not affect the results
of the population analysis.

The calculations showed that the WTAOs, correspond-
ing to the LCAO and PW bases, are essentially different in
their form. This distinction is probably caused mainly by the
difference in the structure of the bases used for the LCAO and
PW calculations. All the WTAOs, excluding the s-WTAO of
the Mg atom in the PW calculations, are well localized. The
poor localization of the latter is probably due to consider-
ing only 32 lower bands, while the actual s-band of the Mg
atom might lie higher in the energy than the examined ones.
Anyway, the difference in the WTAOs’ form and localization
level does not affect the results of WTAO-based population
analysis for MgO.

The atomic charges and covalences, calculated within the
conventional approaches and WTAOs method, are given in
Tables 9 and 10. The spilling parameter for the projection
procedure in the PW calculations was 2.5 × 10−3. It is seen
from these tables that among the traditional schemes, only
the Mulliken analysis performed for the LCAO calculations
exhibits a more or less ionic picture of chemical bonding in
MgO. All the other conventional methods give the results
corresponding to the mixed ionic-covalent type of bonding,
which is actually quite unnatural for MgO. Besides, for the
traditional methods the values of the atomic charges and co-
valences are significantly different depending on the scheme
and the type of the basis.
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Table 9 Calculated atomic charges on the Mg atom in MgO

Basis Population analysis Charge on Mg atom, |e|

LCAO Mulliken 1.93
Lowdin 1.54

PW Mulliken 1.06
Lowdin 0.90

LCAO Nonorthogonal WTAOs 2.00
Orthogonal WTAOs 1.97

PW Nonorthogonal WTAOs 2.00
Orthogonal WTAOs 1.93

Table 10 Calculated atomic covalencies for MgO

Basis Population analysis Atomic covalency

Mg O

LCAO Mulliken 0.15 0.30
Lowdin 0.88 1.13

PW Mulliken 1.63 1.65
Lowdin 1.90 1.89

LCAO Nonorthogonal WTAOs 0.00 0.00
Orthogonal WTAOs 0.05 0.05

PW Nonorthogonal WTAOs 0.00 0.05
Orthogonal WTAOs 0.13 0.14

On the contrary, the method based on orthogonal or non-
orthogonal WTAOs correctly demonstrates the ionic nature
of chemical bonding in MgO crystal, whatever basis is used
for the electronic structure calculations. The values, obtained
within the different types of the basis, are close and corre-
spond to practically pure ionic character of bonding in this
crystal. Though the LDA band structure calculations for the
MgO crystal in LCAO and PW bases give different values
for the total energy and band-gap width and the forms of cor-
responding WTAOs are quite dissimilar, nevertheless, the re-
sults of population analysis performed on the basis ofWTAOs
are practically the same. This is a consequence of a high-
energy location of the s-band of the Mg atom in both types
of calculations.

4 Use of WTAO for two-periodic slab model of the
surface

Investigation of chemical bonding on a crystalline surface is
important for being an essential factor in the study of surface
stability, relaxation, polarization, adsorption, etc. A periodic
slab model is one of convenient models when studying the
electronic structure properties of crystalline surfaces. When
the LCAO approximation is used for calculations, both sin-
gle (two-periodic – 2D) and repeating (three-periodic – 3D)
slabs [19] are considered.

Let us consider application of WTAOs for the calculation
of local properties of the electronic structure of unrelaxed
MgO (001) and TiO2 (110) surfaces. Firstly, WFs, corre-
sponding to valence bands, may be used as a tool, allowing
one to estimate the values for the slab parameters needed
to adequately model the surface electronic structure. And
secondly, a minimal valence basis of WTAOs, which are

Fig. 2 Three layer (nine planes) slab model of (110) surface of rutile
TiO2 crystal

the Wannier functions, generated from occupied and vacant
Bloch states and centered on atoms can be used for the anal-
ysis of chemical bonding at the surfaces under study.

The electronic structure for the bulk crystals and slab
models of surfaces MgO and TiO2 was calculated in the
LCAO approximation by the HF method using the CRYS-
TAL code [11]. For the MgO crystal, an all-electron basis
was chosen. In the case of the TiO2 crystal, Durand-Barthelat
pseudopotential [17] and the corresponding basis consisting
of (4–1)/1 (d/sp) AOs for the titanium atoms and 3–1 (sp),
for the oxygen atoms was adopted. For the bulk crystals, the
Monkhorst–Pack (MP) [14] 4×4×4 mesh of special points of
the BZ was used. For surface modelling, we considered sin-
gle slabs containing three (001)-type atomic planes for MgO
(Fig. 1) and nine (110)-type atomic planes for TiO2(Fig. 2).

In the case of a single-slab model, the space group is two
periodic and contains only in-plane proper translations. This
fact should be taken into account at the stage of the symmetry
analysis. Such space groups correspond to two-dimensional
BZ. Traditional methods for WFs generation are based on
the 3D-periodicity of conventional crystals [20,21], and thus
cannot be applied for the slab model. Some methods [22,23],
which combine crystal and molecular localization schemes,
may be used in this case. But since the latter methods do not
utilize the symmetry of the system, they are not quite appro-
priate for construction of WTAOs, which are characterized
by a predefined symmetry. The variational method, used in
the present paper, is, on the one hand, symmetry-oriented
and, on the other, universal and can be used both in the bulk
crystal and slab model calculations as well. Therefore, this
method is very useful in the problem of WFs and WTAOs
generation in the single-slab model.

For construction of WTAOs for the minimal valence ba-
sis, the corresponding energy bands are to be chosen. The
s- and p-bands of oxygen atoms form the higher valence
bands in both considered slabs. In the case of the TiO2 slab,
the d-bands of the titanium atoms are the lower conduction
bands, while the s-bands of the metal atoms in both slabs
are located among vacant states high in the energy. The latter
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makes the contribution of s-WTAOs of the metal atoms to
the covalence of theses atoms negligible.

One can estimate the slab thickness needed for surface
modelling by a preliminary qualitative analysis of the behav-
ior of WFs, corresponding to valence bands of bulk crystal.
Indeed, the off-diagonal elements of the density matrix of
a bulk crystal fall off with distance as Wannier functions
of valence bands or faster (exponentially in case of insula-
tors). Thus, beyond a sufficiently large domain of the crystal
(basic domain) the values of Wannier functions, assigned to
the central unit cell of the domain, are negligible. Conse-
quently, truncation of the rest of the crystal and imposition
of the periodical boundary conditions on the domain edge
atoms practically do not affect the electron density distri-
bution inside the domain chosen. The basic domain of the
crystal corresponds to a special set of k-points, which pro-
vides a convergence of the calculation results relative to the
extension of this set [24].

A similar ideology can be used for the slab model. Let us
consider the slab consisting of the finite number of atomic
planes. Let at the surface planes of the slab chosen the numer-
ical values of bulk valence band WFs be close to zero. The
corresponding number of atomic planes determines the min-
imal thickness of a slab for the studied surface, which can be
expected to provide the convergence of the results relative to
increasing its thickness. However, the convergence might not
occur for the chosen thickness of the slab due to an absence
of periodical boundary conditions at the slab surface. How-
ever, if the slab WFs, localized in its central part, are close
to the bulk ones and the localization of the slab WFs, cen-
tered near the slab edge, is to a certain extent the same as in
the bulk crystal, the electron density in the mid part of the
slab does not differ much from the bulk electron density, and
would not change when the thickness of the slab is increased.
Thus, the analysis of bulk WFs can help in estimating the slab
thickness, which allows obtaining the bulk-like results in the
central planes of the slab and thus corresponds to more or less
adequate surface modelling. Still this is only a qualitative and
estimative analysis.

Let us illustrate the aforesaid by the results obtained for
MgO and TiO2 crystals. Wannier functions for the valence
bands of the bulk MgO crystal calculated along the [001]
direction are practically completely localized inside a domain
containing just three (001) atomic planes. Further, accord-
ing to calculations the difference between these WFs and
the WFs generated for the slab and centered on the plane
2 is negligible. This means that the three-plane slab is con-
venient for modelling the (001)-surface properties of MgO.
This consideration is in principal confirmed by thorough cal-
culations of MgO slabs with a varied thickness – the surface
energy and other characteristics converge at the three-plane
slab.

In the case of TiO2, the bulk WFs do not fit into nine
atomic planes. As a result, the WFs, calculated from the slab
states and localized in the ‘central’ region of the slab, are
different to the corresponding bulk WFs. Consequently, nine
planes are not sufficient for correct modelling of the TiO2

Table 11 Atomic charges for the single MgO 3-plane (001)-surface
slab and bulk crystal

Atoms Atomic charges, |e|

Nonorth. WTAOs Orth. WTAOs Mulliken Lowdin

O 1, Surface −1.98 −1.96 −1.96 −1.83
Mg 1, Surface 2.00 1.97 1.96 1.83
O 2 −1.99 −1.96 −1.97 −1.82
Mg 2 1.97 1.95 1.97 1.82
O Bulk −2.00 −1.98 −1.98 −1.82

Table 12 Atomic charges for the single TiO2 nine-plane (110)-surface
slab and bulk crystal

Planes Atoms Atomic charges, |e|

Nonorth. Orth. Mulliken Lowdin
WTAOs WTAOs

1 O 1, surface −1.33 −1.30 −1.13 −0.88
2 Ti 1, surface 2.99 2.87 2.62 1.84

Ti 2 2.86 2.79 2.54 1.63
O 2,3, surface −1.48 −1.44 −1.35 −0.86

3 O 4 −1.57 −1.51 −1.38 −0.91
4 O 5 −1.54 −1.45 −1.28 −0.82
5 Ti 3 3.06 2.95 2.66 1.72

Ti 4 3.01 2.93 2.65 1.73
O 6,7 −1.50 −1.46 −1.33 −0.87

Bulk Ti 2.76 2.70 2.66 1.72
O −1.38 −1.35 −1.33 −0.86

crystalline surface. This result correlates with the results of
the calculations in [19].

As seen from Table 11, the values of atomic charges for
the MgO slab correspond to the purely ionic type of chemical
bonding both at the surface and inside the slab. The charges
in the slab model practically coincide with the bulk ones.
The results, obtained by the WTAOs method and according
to the traditional Mulliken and Lowdin schemes, are nearly
the same.

For the TiO2 slab, the Mulliken and Lowdin population
analysis give contradictory results. Particularly, as noted in
Table 12, the values of atomic charges at the surface planes
of the slab, calculated according to the Mulliken scheme,
are smaller in magnitude than the ones inside the slab. This
corresponds to a lower ionicity at the crystalline surface than
the bulk.An opposite tendency is demonstrated in the Lowdin
analysis, where the surface charges are larger or the same as in
the bulk. Besides, the absolute values of the charges obtained
according to both the traditional schemes are quite different
from each other. The analysis performed by the orthogonal
and non-orthogonal WTAOs gives approximately the same
results. They show the tendency of increasing the ionicity
level at the surface, which is similar to the results of the Mul-
liken analysis.

Let us consider the values of atomic charges obtained for
the central planes of the slab (planes 3–7). Due to the symme-
try of the slab, the planes 6 and 7 are equivalent to the planes
4 and 3, correspondingly. As was shown in the previous sec-
tion and as is confirmed by other studies [24], a nine-plane
slab is not sufficient to model TiO2 surface, as the electron
density at the central planes of the slab is different from of
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Table 13 Orders of the bonds between the near-neighbor Ti and O atoms in the single TiO2 nine-plane (110)-surface slab and bulk crystal

Atom Neighbor atoms Bond orders

Atom N Distance (a.u.) Nonorth. WTAO Orth. WTAO Mulliken Lowdin

O 1 Ti 2, in-surface 2 3.687 0.54 0.55 0.80 0.79
Ti 1 O 2,3, in-surface 4 3.687 0.37 0.39 0.42 0.62

O 5 1 3.727 0.17 0.25 0.62 0.63
Ti 2 O 1, in-surface 2 3.687 0.54 0.55 0.80 0.79

O 4 2 3.687 0.27 0.29 0.47 0.50
O 2,3 2 3.727 0.11 0.13 0.17 0.40

O 2,3 Ti 1, in-surface 2 3.687 0.37 0.39 0.42 0.62
Ti 2 1 3.727 0.11 0.13 0.17 0.40

O 4 Ti 2 2 3.687 0.27 0.29 0.47 0.50
Ti 3 1 3.727 0.17 0.21 0.52 0.54

O 5 Ti 4 2 3.687 0.30 0.32 0.52 0.54
Ti 1 1 3.727 0.17 0.25 0.62 0.63

Ti 3 O 6,7 4 3.687 0.31 0.32 0.34 0.54
O 4 2 3.727 0.17 0.21 0.52 0.54

Ti 4 O 5 4 3.687 0.30 0.32 0.52 0.54
O 6,7 2 3.727 0.22 0.23 0.34 0.53

O 6,7 Ti 3 2 3.687 0.31 0.32 0.34 0.54
Ti 4 1 3.727 0.22 0.23 0.34 0.53

the bulk crystal. However, the values of atomic charges cal-
culated according to both the Mulliken and Lowdin schemes
practically coincide with the bulk ones (Table 12). In contrast
to these results, the population analysis based on WTAOs
reproduces this slab-bulk misfit: the values for the charges
of atoms of the inner planes in the slab and the bulk crystal
noticeably differ.

When analyzing the Ti–O bond orders, which are given
in Table 13, one can conclude the following. The values, ob-
tained by the two traditional schemes, can be hardly interpret-
ed. Some of the bonds have the same orders in both schemes
(Ti1–O5, Ti2–O1, Ti3–O4, Ti4–O5), while the others are
essentially different (Ti1–O2, Ti2–O2, Ti3–O6, Ti4–O6). As
to the results obtained by orthogonal and non-orthogonal
WTAOs, they are close for all the bonds under consider-
ation.

Every oxygen atom (excluding the atoms O1) has two
neighboring titanium atoms at a distance of 3.687 a.u. and
one at 3.727 a.u. (three-coordinated atoms). The O1 atoms
are two-coordinated and have neighbors only at 3.687 a.u.
The titanium atoms are six-coordinated (Ti2, Ti3, Ti4) or five-
coordinated (Ti1) and have four neighboring oxygen atoms
at 3.687 a.u. and two or one – at 3.727 a.u., correspondingly.
Only for some of the atoms (Ti2, O2, Ti4) the Mulliken and
Lowdin schemes allow obtaining the larger orders for the
shorter bonds (among the nearest neighbor Ti–O bonds). For
other atoms, the values of the shorter bond orders are approx-
imately of the same magnitude as the longer ones (O6) or
even significantly smaller (Ti3, O4, O5), which is unreal from
the chemical point of view. The WTAOs method for all the
atoms gives the expected tendency – the shorter is a bond,
the larger is the value of the corresponding bond order. Also,
WTAOs analysis gives noticeably larger values for the in-
surface bonds. This agrees with the decreased values of the
atomic charges at the surface relative to the ones at the inner
part of the slab.

The results of the calculations of atomic covalences are
presented in Table 14.Again, the Mulliken and Lowdin meth-
ods demonstrate contradictory and obscure bulk-surface ten-
dencies. For some atoms, the values of the covalences, cal-
culated according to the Mulliken scheme, are close to the
Lowdin ones, for the other they differ significantly. Thus,
these coincidences of the Mulliken and Lowdin results can
be regarded as casual. And since the nine-plane slab does not
provide the bulk-like electron density in the middle of the
slab, the correspondence between the values for the cova-
lences of the bulk and slab atoms, obtained by the traditional
population analysis schemes, also cannot be considered as
reliable.

The WTAOs method, in turn, allows one to obtain the val-
ues of atomic covalences in the slab, which can be physically
interpreted. Firstly, the values, calculated with the orthogonal
and non-orthogonal WTAOs, are alike. Secondly, the in-slab
atoms have a covalence different to that of the bulk. This
result can be expected due to the insufficient thickness of the
nine-plane slab for the TiO2(110) surface modelling.

And last but not least, the results of the WTAOs popu-
lation analysis clearly show the increase in the covalence at
the surface of the slab when compared to the in-slab values.
The surface atom O1 has the maximal covalence among all
the oxygen atoms of the slab. This effect is even sharper, if it
is remembered that this atom is only two-coordinated, while
the others are three-coordinated. The large value of the cova-
lence is also observed for the surface atoms O2/O3, but it is
not that pronounced as for the atom O1. The atom Ti1, which
can be regarded as a surface atom, has a smaller covalence
than the atom Ti2, but taking into account that the former
is only five-coordinated, one can conclude that the effect of
higher covalence at the surface is valid for this atom as well.

The values of local characteristics of the slab electronic
structure, differing from the bulk, may indicate the possi-
bility of significant structural relaxation of the studied TiO2
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Table 14 Atomic covalences for the single TiO2 nine-plane (110)-surface slab and bulk crystal

Planes Atoms Atomic covalences

Nonorth. WTAOs Orth. WTAOs Mulliken Lowdin

1 O 1, surface 1.20 1.24 1.86 1.88
2 Ti 1, surface 1.74 1.91 2.44 3.35

Ti 2 1.92 2.03 2.36 3.02
O 2,3, surface 0.95 1.02 1.28 2.01

3 O 4 0.80 0.90 1.76 1.95
4 O 5 0.85 0.99 1.92 2.07
5 Ti 3 1.64 1.82 2.49 3.47

Ti 4 1.73 1.85 2.87 3.45
O 6,7 0.92 0.99 1.27 2.03

Bulk Ti 2.06 2.16 2.15 3.46
O 1.11 1.17 1.24 2.04

slab. This relaxation would involve in-surface and intra-slab
atoms, since the TiO2 nine-plane slab at its inner planes does
not reproduce the bulk electronic structure. Taking into ac-
count the results of the WTAO population analysis, one can
assume that the atoms would shift so that the length of the
bonds would increase or decrease to compensate the exces-
sive or deficient values of covalence, correspondingly. These
considerations correlate with the studies of the geometry opti-
mization in TiO2 slabs [25].

From the use of WTAOs in the slab calculations, we con-
clude the following.

1. The bulk Wannier functions, corresponding to valence
bands, allowed us to estimate that the three-plane slab
of MgO is sufficient and the nine-plane (three-layer) slab
of TiO2 is insufficient for modelling the surface properties
of the studied crystals.

2. The traditional Mulliken and Lowdin schemes, as well
the WTAOs approach, show the purely ionic nature of
chemical bonding at the MgO (001)-surface.

3. Unlike the results of Mulliken and Lowdin analysis, which
are contradictory and unreliable, the WTAOs method re-
sults can be physically interpreted. Calculated by the lat-
ter method, local characteristics of the electronic struc-
ture of nine-plane (110)-surface slab of TiO2 are different
from the bulk values for all the atoms in the slab. Gen-
erally, the type of chemical bonding in the TiO2 slab is
of a mixed ionic-covalent character. At the surface of the
slab, the degree of the covalence increases. The results of
chemical bonding analysis may be interpreted as an indi-
cation of a definite structural relaxation for the studied
slab.

5 Conclusion

In the preceding sections, it was demonstrated that use of
WTAOs for the chemical bonding analysis in crystals is an
efficient and flexible approach: it is fruitful both for the bulk
and surface calculations and is applicable for LCAO or PW
basises, used in Bloch functions calculations. Wannier-
functions are also suited for transferring to the periodic sys-
tems the local correlation methods developed for molecules
[26].
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